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Abstract
In this note we provide a simple derivation of an explicit formula for the price of an option on a dividend-paying
equity when the parameters in the Black–Scholes partial differential equation (PDE) are time dependent. With the
aid of general transformations, the option value is expressed as a product of the Black–Scholes price for an option
on a non-dividend-paying equity with constant parameters, the ratio of the strike price in the time-varying case
to the strike price in the constant-parameter case, and a modified discount factor containing a parametrised time
variable.
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1. Introduction
The pricing of options is a central problem in quantitative finance. It is both a theoretical and practical
problem since the use of options abounds in the financial industry nowadays. This work presents the
valuation of a call option by solving the Black–Scholes PDE [1] when its coefficients are deterministic
functions of time. The inclusion of time-varying parameters is an important concern because in practice,
one may want to incorporate the market’s view on the direction of the future behaviour of variables
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which the call price depends on, thus offering more flexibility to the model. Furthermore, the search for
solutions of second-order parabolic PDEs that are ubiquitous in finance is further motivated by the fact
that the pricing of derivative securities such as options using PDEs has become a fundamental approach
in financial modelling.
Whilst there is also the popular method of martingale pricing for contingent claims equivalent to the
PDE technique via the Feynman–Kac theorem (as described in [2] for example), we shall only focus on
the transformation of PDEs to obtain the solution to the valuation problem.
The original derivation of the Black–Scholes equation with time-varying parameters can be found
in [3]. A method of reducing this PDE to the heat equation is described in [4] and a generalisation is
given in [5]. In both instances one has to keep track of how the terminal condition and the variables
change with the transformations introduced, and then solve the resulting initial value problem for the
heat equation.
Wilmott [6] outlines a procedure that sets out the change of variables for the underlying option price,
stock price, and time in terms of some deterministic functions that can be chosen in such a way that
the time-dependent coefficients are eliminated. The transformed equation (which needs to be solved) is
linear but with coefficients that depend only on the stock price. The solution of the problem with time-
varying parameters is then expressed in terms of the solution of a problem with time-independent but
fixed parameters.
Our approach in this work is to transform the Black–Scholes equation with time-varying parameters
directly (i.e., without use of any intermediate linear equation) into a Black–Scholes equation with
time-independent but arbitrary parameters. The solution to the latter equation is of course the well-
known Black–Scholes formula. By allowing arbitrary parameters, we are able to provide a more
general and direct approach than the one in [4]. We shall show that the price of an option with time-
dependent coefficients is a product of three factors: (i) the Black–Scholes price with constant rates in the
transformed variables, (ii) the ratio between the strike price in the original problem and the transformed
strike price, and (iii) a discount factor that reflects a parametrised time variable.
2. Solving the Black–Scholes PDE
Let V (S, t) represent the value of a call option contract on a dividend-paying equity at time t which
expires at time horizon T and let t < T . Denote by K the strike price in the contract and by S > 0
the equity’s price at time t . Suppose further that the risk-free rate r(t), the dividend yield D(t), and the
volatility σ(t) of the equity are all time dependent. Then it is well known [3] that the option price process
V (S, t) satisfies the PDE
∂V
∂t
+ σ(t)
2
2
S2
∂2V
∂S2
+ [r(t)− D(t)]S ∂V
∂S
− r(t)V = 0 (1)
with terminal condition
V (S, T ) = (ST − K )+ ≡ max(ST − K , 0). (2)
Within the framework of a non-dividend-paying equity, constant risk-free rate rc, and time-
independent volatility σc, the PDE of the option price V (S, t) at time t for a maturity of T , where
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t < T , is given by
∂V
∂t
+ σ
2
c
2
S2
∂2V
∂S2
+ rc S ∂V
∂S
− rcV = 0 (3)
with terminal condition
V (S, T ) = (ST − K )+. (4)
Here, K is the strike price at time T and S > 0 is the price of the equity at time t . The parameters σc,
rc, and K are assumed to be positive. We wish to transform the Black–Scholes PDE with time-varying
parameters (1) and (2) directly into the Black–Scholes PDE with constant parameters (3) and (4) such
that
t = T when t = T . (5)
Using the transformations
V (S, t) = h(t)V (S, t), S = φ(t)S, t = ψ(t), (6)
the chain rule gives
∂V
∂t
= h(t)
[
∂V
∂S
φ′(t)S + ∂V
∂t
ψ ′(t)
]
+ h′(t)V ,
∂V
∂S
= h(t)φ(t)∂V
∂S
,
∂2V
∂S2
= h(t)φ(t)2 ∂
2V
∂S2
.
Substituting these into (1) leads to
h(t)
[
∂V
∂S
φ′(t)S + ∂V
∂t
ψ ′(t)
]
+ h′(t)V + σ(t)
2
2
S2h(t)φ(t)2
∂2V
∂S2
+ [r(t)− D(t)]Sh(t)φ(t)∂V
∂S
− r(t)h(t)V = 0.
Regrouping terms yields
∂V
∂t
+ σ(t)
2φ(t)2 S2
2ψ ′(t)
∂2V
∂S2
+ [r(t)− D(t)]φ(t)S + φ
′(t)S
ψ ′(t)
∂V
∂S
+ h
′(t)− r(t)h(t)
h(t)ψ ′(t) V = 0.
Comparing this equation with (3), we must have
σ(t)2φ(t)2 S2
2ψ ′(t)
= σ
2
c
2
S2 = σ
2
c
2
φ(t)2 S2, (7)
[r(t)− D(t)]φ(t)S + φ′(t)S
ψ ′(t)
= rc S = rcφ(t)S, (8)
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h′(t)− r(t)h(t)
h(t)ψ ′(t)
= −rc. (9)
Integrating (7), we obtain
ψ(t) = − 1
σ 2c
∫ T
t
σ(u)2du + A, (10)
where A is an arbitrary constant of integration. Rewriting (8), we get
φ′(t)
φ(t)
= rcψ ′(t)+ D(t)− r(t),
which upon integrating produces
φ(t) = B exp
[
−
∫ T
t
(rcψ
′(u)+ D(u)− r(u))du
]
, (11)
where B is a (positive) constant of integration. Finally, rewriting (9) yields
h′(t)
h(t)
= r(t)− rcψ ′(t),
whence
h(t) = C exp
[
−
∫ T
t
(r(u)− rcψ ′(u))du
]
(12)
and C is another (positive) constant of integration. With these choices for h(t), φ(t), and ψ(t), we see
that (1) reduces to (3). The arbitrary constants A, B, and C are to be determined so as to satisfy (2), (4)
and (5).
From (2), (6) and (4) we see that
(ST − K )+ = V (S, T ) = h(T )V (S, T ) = h(T )(ST − K )+.
But
h(T )(ST − K )+ = h(T )(φ(T )ST − K )+ = h(T )φ(T )
(
ST − K
φ(T )
)+
so that
h(T )φ(T ) = 1, K = K
φ(T )
. (13)
The second equation in (13) and (11) gives
B = φ(T ) = K
K
, (14)
whilst from the first equation in (13), (12) and (14) we get
C = h(T ) = K
K
. (15)
Finally, using (10), (5) and (6) we have
A = ψ(T ) = T . (16)
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Therefore, the solution to the Black–Scholes equation with time-varying parameters (1) and (2) is given
by
V (S, t) = K
K
exp
[
−
∫ T
t
(
r(u)− rc
σ 2c
σ(u)
)
du
]
V (S, t),
S = K
K
exp
[
−
∫ T
t
(
rc
σ 2c
σ(u)+ D(u)− r(u)
)
du
]
S,
t = − 1
σ 2c
∫ T
t
σ(u)2du + T ,
where V (S, t) is the solution of the classical Black–Scholes equation (3) and (4), i.e.,
V (S, t) = SN (d+)− K exp[−rc(T − t)]N (d−),
d± = ln(S/K )+ (rc ± σ
2
c /2)(T − t)
σc(T − t)1/2
,
and N is the cumulative distribution function of a standard normal variable [1].
3. Concluding remarks
This short exposition re-visited the problem of solving the Black–Scholes PDE incorporating time-
dependent parameters. An alternative derivation of the solution is given through the use of a generalised
change of variable technique. Our result shows that the price of a European call option on a non-dividend-
paying equity is decomposed as a product of three simple terms consisting of a Black–Scholes price
for the constant-coefficient case in a non-dividend-paying set-up, the ratio of two strike prices, and a
modified factor reflecting the parametrised time.
The method proposed here can also be applied to other European-type options such as puts. In the
latter case, the condition in (2) would be replaced by a put terminal condition, whilst the terminal
condition in (4) remains the same. The variable transformations would also remain the same as before
except that now we look for the arbitrary constants A, B, and C satisfying (5) and the two terminal
conditions.
We can even go one step further by adapting the proposed method here to the valuation of options with
very general types of payoff (where the valuation PDEs have time-varying parameters), although closed-
form solutions for the transformed equations may not be available in this instance. However, numerical
methods can always be employed to handle these situations.
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